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1. Polynomials

Polynomials are ubiquitous:

P(z) = a0 + a1z + a2z2 + . . .+ adzd
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Tera-polynomial (deg = 1012) slain on Roméo, 2021.
Pre-periodic point (deg = 1010, ×100) on Roméo, 2023.
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The Jacobi polynomials P(α,β)
n∫ +1

−1
P(α,β)

m (x)P(α,β)
n (x) · (1− x)α(1 + x)βdx = δm,n.
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2. Floating point arithmetic

Floating point numbers (in base 2) with precision p bits:

ξ = ±2n × 0.1 ξ1 . . . ξp︸ ︷︷ ︸
p bits

with ξ1, . . . , ξp ∈ {0, 1}.

The scale (order of magnitude) of ξ is n = s(ξ) = 1 + blog2 |ξ|c.

Range of numbers with scale n.

François VIGNERON, Univ. de Reims Champagne-Ardenne FPE : Fast Polynomial Evaluation



Polynomials Arithmetic Evaluation Benchmark Library Floats Multiplication

Cost of multiplication in precision p:

M(p) =



≤ 10 cycles FP64 (double, p = 52)  hardware
O(p2) schoolbook expansion
O(p1.585) Karatsuba
O(p1.465) Toom-Cook
O(p log p log log p) Schönhage-Strassen

(Pzk + R)(Qzk + M) = RM + ((P + R)(Q + M) − RM − PQ) zk + PQz2k

François VIGNERON, Univ. de Reims Champagne-Ardenne FPE : Fast Polynomial Evaluation



Polynomials Arithmetic Evaluation Benchmark Library Classical Lazy FPE

3. Polynomial evaluation
Classical methods

How to compute efficiently

P(z) = a0 + a1z + a2z2 + . . .+ adzd .

1 Monomial: compute zd recursively in time O(M(p) log d)

z10 = z2+23
=
(
z × (z2)2)2 z 7→ z2 7→ z4 7→ z5 7→ z10

2 Hörner’s method: compute P(z) in time O(M(p)d)

2− 3z + 4z2 + 5z3 = 2 + z (−3 + z (4 + 5z))

P(z) = a0 + z (a1 + z (a2 + . . .))︸ ︷︷ ︸
deg. d−1
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Multipoint: compute P(zj) on a mesh Z = (zj)0≤j≤d .

3 FFT method: O(M(p)d log d) if Z is a regular circular mesh

4 Algebraic methods: O(M(p)d log2 d) on general mesh, with
memory O(d2 log d).
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3. Polynomial evaluation
Lazy addition

In finite precision (p = 4 decimals), scale considerations can spare us the
actual computation:

zL '4 1.234× 10+2 = 12.340000
zS '4 5.678× 10−3 = 0.005678

+ 12.345678 '4 1.234× 10+2

Practical rule: start with the biggest monomial and stop when the
next operation has no possible influence on the result.

Problems with unsorted coefficients:
Lazy evaluation requires sorting d numbers and costs O(d log d)
operations � O(d).
Absolute precision threshold ? s(zL)± 10−p = 0.001× 10+2 requires
knowledge of the biggest input.
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FPE algorithm (Fast Polynomial Evaluation)

if |z | = 1,
∑

akzk ' a6 + a8 + a9
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For log2 |z | = λ,
∑

akzk ' a1z + a3z3 + a6z6 + a8z8 + a9z9ÛEP + λId (kλ, sλ + λkλ)

k

s(ak) + kλ

It is possible to read the geometric informations on the original graph.
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For log2 |z | = λ,
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It is possible to read the geometric informations on the original graph.
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Reduction theorem (based on average width of a thin concave cap):

d∑
k=0

akzk 'p
∑

k∈Kp(z)

akzk

︸ ︷︷ ︸
Hörner

with |Kp(z)| = O
(»

d(p + log d)
)

︸ ︷︷ ︸
on z-average
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Benchmark on Roméo

Preprocessing in d + 2d log d using only scales (independent of p).
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Average cost ≤ M(p)
√

d(p + log d) per eval. & embarrassingly parallel.

d0.72 d0.5
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Result guarantied to be adjacent to the exact value, up to cancelled bits.
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The number of canceled bits (precision loss) is free and explicit.
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Predict which terms are necessary.

 universal law for Jacobi polynomials (work with Clémentine Courtes).
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https://github.com/fvigneron/FastPolyEval
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Thank you
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