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1. Polynomials

Polynomials are ubiquitous:

P(z) = ap + a1z + a»2* + ...+ agz?

— sin(z)
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fe2) =2+
RE) =z & 2= (1) +e

M = {c€C|(f(0))nen bounded}

Tera-polynomial (deg = 10'2) slain on Roméo, 2021.
Pre-periodic point (deg = 10%°, x100) on Roméo, 2023.
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Polynomials

P(z) Mandelbrot Jacobi

The Jacobi polynomials P{*?)
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Modulation of a finite energy signal for weight ws ¢

Modulation of a finite energy signal for weight w7
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—X)*(1 + x)Pdx = 5.

Jacobi polynomials P! (x) for n=17,...,20

|
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2. Floating point arithmetic

12220

Floating point numbers (in base 2) with precision p bits:

E=42"x01&...&  with  &,...,& €{0,1}.
——

p bits
The scale (order of magnitude) of £ is n =s(§) =1+ |log, |£]].

g=2m" 2P 2"

292 01000 01001 01010 1011 01100 4109 0.1110 0.1111 —

Range of numbers with scale n.
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Cost of multiplication in precision p:

< 10 cycles FP64 (double, p = 52) ~» hardware
o(p?) schoolbook expansion
M(p) = { O(p'5%) Karatsuba
O(p'4%%) Toom-Cook
O(plog ploglogp) Schénhage-Strassen

(Pz" + R)(Qz" + M) = RM + ((P + R)(Q + M) — RM — PQ) z* + PQz**

[ R [P Ix[_ M J[_Q |
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3. Polynomial evaluation

Classical methods

How to compute efficiently

P(z) = ao+ a1z + a2’ 4+ ... + aqz?.

@ Monomial: compute z9 recursively in time O(M(p) log d)
710 = 222 = (2~ (22)2)2 2 22 2 20 210
@ Horner’s method: compute P(z) in time O(M(p)d)
2-3z+422 4528 =21 7(-3+2z(4+52))

P(Z):ao+2(al+2(32+...))

deg. d—1

Francois VIGNERON, Univ. de Reims Champagne-Ardenne FPE : Fast Polynomial Evaluation



Arithmetic Evaluation Benchmark Librar Classical Lazy FPE

Multipoint: compute P(z;) on a mesh Z = (zj)o<j<d-

@ FFT method: O(M(p)dlogd) if Z is a regular circular mesh

@ Algebraic methods: O(M(p)d log? d) on general mesh, with
memory O(d?log d).
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3. Polynomial evaluation
Lazy addition

In finite precision (p = 4 decimals), scale considerations can spare us the
actual computation:

7z o~y 1.234x10M2 = 12.340000
zs ~, 5.678x 1073 = 0.005678
+ 12.345678 ~, 1.234 x 1072

Practical rule: start with the biggest monomial and stop when the
next operation has no possible influence on the result.

Problems with unsorted coefficients:

@ Lazy evaluation requires sorting d numbers and costs O(d log d)
operations > O(d).

o Absolute precision threshold ? s(z ) + 1077 = 0.001 x 10%? requires
knowledge of the biggest input.
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FPE algorithm (Fast Polynomial Evaluation)

30

24

Scale of the coefficients

if |zl =1, > axzKk~ag+ag+ ag

s(ax) (Ko, 50)

Coefficient index
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Classical Lazy FPE
;

Evaluation B E Librar

For log, |z| = A, Y akzX ~ ajz + a3z + az® + agz® + ag2®

s(aw) + kA Ep+Ald (kx, sx + Ak

-12

It is possible to read the geometric informations on the original graph.
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For log, |z| = A, Y akzX ~ ajz + a3z + az® + agz® + ag2®

s(ak) (ko,s0)

Scale of the coefficients

Coefficient index

%

It is possible to read the geometric informations on the original graph.
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Reduction theorem (based on average width of a thin concave cap):

d
Z az" ~, Z E with |Ko(2)| = O( d(p+ log d))
k=0

keKy(z)
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Benchmark on Roméo

Preprocessing in d + 2d log d using only scales (independent of p).
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Average cost < M(p)\/d(p + logd) per eval. & embarrassingly parallel.
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Speed gain of FPE over Horner in single evaluation (with preprocessing)
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Result guarantied to be adjacent to the exact value, up to cancelled bits.

0.100

0.010-

0.001}

Probability density function (log scale)

10

-4 -3 -2 -1 0 1 2 3
Exact bits (compared to a 600-bit run) in favor of FPE (+) or in favor of Horner (-)

Frangois VIGNERON, Univ. de Reims Champagne-Ardenne FPE : Fast Polynomial Evaluation



Arithmetic Ev Benchmark Librar Preproc. Evaluator Monopoint Precision Cancellations Reduction

The number of canceled bits (precision loss) is free and explicit.

95 bits
96 bits
97 bits
98 bits
99 bits
100 bits
100 bits
101 bits
102 bits
103 bits
104 bits
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Predict which terms are necessary.

Chebyshev T,(x) Approximation of Tgo(x) with first 150 coeffs.

s(aj)id

0.00 0.05 0.10 0.15 0.20 0.25 0.30 0.35
Approximation of Tsg(x) with first 375 coeffs.

— n=500 — n=200 — n=100 — n=50 n=25

~> universal law for Jacobi polynomials (work with Clémentine Courtes).
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Polynomials Arithmetic Evaluation

wing tasks can be perforned with the corres|
Parameters

-hyperbolic  prec period outFile

brec count outfile [start] [end]

t outfile [start] [end]

prec count outfile [center] [var)
prec count outFile

brec polyFile pointsFile

polyFile point

prec polyFile pointsFile outFil

Filez [outFile]

ile
Trec polyFils outFiles oucrilez)

analyse

Francois VIGNERON de Reims Champagne-Arden

outFile [checkFile) [

tsFile outFile [checkFile) [count]
[checkFile) [c

le pointsFile outFile [checkFile) [count]

Github  Thanks

FastPolyEval 1.

Fast Evaluation of Real and Complex Polynomials

ding conmand line arguments below:
Short description

the coefficients
coofficients
ficients
coofficients of

of the hyperboldc polynomial to a GSV file
)

a Csv file
d writes the result to a CSV file
o sequence of complex numbers
of two sequences
f a list of points and writes the results to a CSV file
b)
he sphere and writes the result to a CSV file
conputes the polynonial with a given 1ist of roots and writes the result to a CSV file
conputesth * a polynonials and write to 8 CSV file
writes count real nusbers in arithmetic progres file
writes count real random numbers unifornly distributed in an interval to a CSV
writes count real random numbers with Gaussian distibution o a CSV file
St ilecls: oordzRutesfopneyioetino e uniform distribution on the sphere to o GSV file
quickly evaluates a polynomial on a set of
1y ovaluates the dorivative of a polynonial on a set of points
ons Newton step of o polynomial on o set of pmints
ches for linits of the Newton method (roots of the polynomial)
points
writes the real part of the list of complex nusber
writes the imaginary part of the list of complex Mnm
writes the conjugates of the list of complex numbe:
Computes the tensorial product of the two 1ists of nusbers (.
G i AP BT ) i SRS 01 (1] ) S0 (R i i

file

ount ]

detailed information.
s are used (FP64, double),
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https://github.com/fvigneron/FastPolyEval

Library Github Thanks

Thank you

HPC Center

MEO

Centre de Caloul Régional
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